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We study the frustrated ferromagnetic spin-1 chains, where the ferromagnetic nearest-neighbor
coupling competes with the antiferromagnetic next-nearest-neighbor coupling. We use the density
matrix renormalization group to obtain the ground states. Through the analysis of spin-spin cor-
relations we identify the double Haldane phase as well as the ferromagnetic phase. It is shown
that the ferromagnetic coupling leads to incommensurate correlations in the double Haldane phase.
Such short-range correlations transform continuously into the ferromagnetic instability at the tran-
sition to the ferromagnetic phase. We also compare the results with the spin-1/2 and classical spin
systems, and discuss the string orders in the system.
PACS numbers: 75.10.Jm, 75.50.Ee, 75.40.Mg
I. INTRODUCTION
One-dimensional quantum spin systems have attracted
much interest for the past decade. One of the reasons is
that quantum fluctuations play a more dominant role in
their ground states than for higher-dimensional systems.1
Generally quantum fluctuations suppress long-range or-
der of a many-body system in low dimensions. In the
presence of antiferromagnetic nearest-neighbor (NN) in-
teractions the integer/half-integer Heisenberg spin chains
were suggested to have ground states with/without exci-
tation gaps;2,3 this was confirmed by extensive numeri-
cal studies in the spin-1/24,5 and in the spin-14,6–11 sys-
tems. The resulting ground state of the spin-1 system
is known to have a finite gap9 and a finite correlation
length.10,12 It was also verified8 that the ground state is
connected to the Affleck-Kennedy-Lieb-Tasaki (AKLT)
state,13,14 which was originally obtained in the presence
of bilinear and biquadratic interactions. In addition to
theoretical studies, there have been extensive experimen-
tal studies:15–22 Some of the materials considered can
be understood as one-dimensional spin-1 systems, giv-
ing supports for the theoretical results. The data on
Ni(C2H8N2)2NO2ClO4 provide evidence for the Haldane
gap15,16 and additional spin-1/2 degrees of freedom17,18
at the singlet-bond-broken sites in the presence of impu-
rities. Gapped excitations were also observed in CsNiCl3
with a correlation length smaller than the prediction
from the theory,20–22 which is now explained by weak
couplings between spin-1 chains. The zigzag spin chain
in NaV(WO4)2 manifests a spin gap in the magnetic
susceptibility.23 Measurements of magnetic properties of
ANi2V2O8 (A=Pb,Sr) have also shown that they are de-
scribed as a Haldane gapped phase without long-range
order.24–26
Frustration, which is caused by the competition of
two or more exchange interactions or the system geom-
etry, turns out to generate enormous quantum emer-
gent phenomena in exotic phases. Extensive numer-
ical studies on frustrated spin chains have been per-
formed.5,27–30 One good example is the spin-1 chain with
two types of antiferromagnetic interactions, one between
NN spins and the other between next-nearest-neighbor
(NNN) spins.28–30 The chain exhibits a discontinuous
phase transition between two kinds of the AKLT states;
they are distinguished by the patterns of singlet bonds
in the chain. The two phases are also characterized by
the existence of the hidden order due to breaking of the
Z2 × Z2 symmetry.
On the other hand, we have another kind of frustrated
system, so-called frustrated ferromagnetic one, where the
NN coupling is ferromagnetic. Numerous studies have
been performed on such frustrated ferromagnetic sys-
tems, especially for the spin-1/2 case.5,31–38 It has been
revealed that the spectrum data in cuprate materials such
as LiCu2O2 and LiCuVO4 can be explained as the prop-
erties of the frustrated ferromagnetic system with good
agreement.37 It is also found that interesting phase tran-
sitions exist at zero temperature in this system. This
motivates us to examine a frustrated ferromagnetic spin-
1 system, of which the full understanding still lacks.
In this paper, we study frustrated ferromagnetic quan-
tum spin-1 systems in one dimension. We obtain the
ground state through the use of the density-matrix-
renormalization-group (DMRG) method, and analyze the
resulting spin-spin correlation functions. It is found that
incommensurate short-range correlations are induced in
this system. Such correlations turn out to be smoothly
connected to the ferromagnetic phase at the transition
with divergent correlation length. We also discuss the
string order parameters in the double Haldane phase.
This paper is organized as follows. In Sec. II, we de-
scribe the model and the method. Section III is devoted
to the presentation and the discussion of numerical re-
sults. Finally, a summary is given in Sec. IV.
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2II. MODEL AND METHOD
We consider a one-dimensional spin-1 system with NN
and NNN couplings. The model is described by the
Hamiltonian
H = J1
∑
i
Sˆi · Sˆi+1 + J2
∑
i
Sˆi · Sˆi+2 (1)
where Sˆi≡(Sˆxi , Sˆyi , Sˆzi ) is a vector spin-1 operator at the
ith site. The NN and the NNN exchange couplings are
denoted by J1 and J2, respectively. We investigate the
Hamiltonian with ferromagnetic NN couplings (J1 < 0)
and antiferromagnetic couplings (J2 > 0) at zero tem-
perature in this work.
In the absence of the NN coupling (J1 = 0) the sys-
tem reduces to two decoupled subchains; each consists of
NNN pairs interacting with the antiferromagnetic NNN
interaction. The individual subchain lies in the Haldane
phase, which is characterized by an excitation gap, expo-
nentially decaying spin-spin correlations, and long-range
string order.10 Such a phase is called a double Haldane
phase, in which singlet bonds are formed between NNN
pairs.
In the presence of the antiferromagnetic NN coupling
(J1 > 0) it was revealed
28,29 that the double Haldane
phase undergoes a discontinuous transition to the Hal-
dane phase at J2/J1 ' 0.744. At the transition the sys-
tem exhibits a jump in the string order parameter with
the bulk gap and the correlation length remaining finite.
The transition is attributed to the breaking of a hidden
Z2 × Z2 symmetry in the Haldane phase.38
When the ferromagnetic NN coupling is dominant
(|J1|  J2), the ground state is expected to be a fer-
romagnetically ordered state with total spin Stot = L
with gapless spin-wave excitations.39 It is also known
that the ferromagnetic phase is robust against additional
competing interactions. In the intermediate region the
thermodynamic behavior for the S=1 chains is less clear
in contrast with spin-1/2 chain systems.5,31–33,35,36
In this work, we use the DMRG method9,10,40 with
the infinite algorithm to obtain the ground state of the
system. We adopt slightly modified open boundary con-
ditions, which are sketched in Fig. 1(a): the last two NN
spins interact with J2. In the standard open boundary
conditions in Fig. 1(b) the system tends to have two free
1/2-spins at each end, one on each subchain. The anti-
ferromagnetic interaction J2 in the modified open bound-
ary conditions helps the two free spins in standard open
boundary conditions to form a singlet bond, leading to
an effective finite-size calculation in the double Haldane
phase. We also performed comparative computation in
the standard open boundary conditions and found no sig-
nificant qualitative difference in the bulk state.
We have performed calculations in chains up to L =
200. The spin-spin correlations in different sizes turn out
to collapse to a single curve in a wide range of coupling
parameters as will be displayed later. We estimate the
uncertainty in the data by the maximum deviation from
L
(b)
(a)
FIG. 1. (Color online) Schematic representation of a spin-1
chain in (a) modified and (b) standard open boundary con-
ditions. The NN coupling J1 and the NNN coupling J2 are
represented by solid and dashed lines, respectively. Shaded
regions denote the singlet bonds which are expected to be
formed between two half-spins of two sites in the double Hal-
dane phase with J1 < 0 and J2 > 0.
the average value for the systems with size L ≥ 50 and
mark the error bars when they are larger than the size of
symbols. We have also checked out the convergence of the
data with respect to m, where m is the number of states
per block after truncation, by increasing m consecutively.
The truncation errors in our calculations with m = 200
are of the order of 10−5 to 10−7 for the double Haldane
phase, in which the main interest of this work lies. They
are larger in the central region of the double Haldane
phase due to the increase of frustration. In the region
of the ferromagnetic phase the truncation errors reduce
significantly below 10−15. We have performed the calcu-
lation with m up to 250, and found that most physical re-
sults do not depend significantly on m. Some m-sensitive
physical quantities such as the correlation length have
been presented together with the extrapolation value to
m =∞, and relevant error bars have been marked when
they are larger than the size of the symbols. Henceforth
we will denote the energy and the length in units of J2
and of the lattice constant, respectively, throughout this
paper.
III. RESULTS AND DISCUSSION
To examine how the system evolves as the couplings
vary, we first calculate the spin-spin correlation function
CS(l) defined by
CS(l) ≡ 〈Sˆi · Sˆi+l〉. (2)
In order to minimize finite-size effects, we take site i such
that both sites i and i+ l are as far from the boundaries
as possible. Figure 2(a) shows the spin-spin correlation
function for J1 = 0. The ground state for J1 = 0 can be
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FIG. 2. (Color online) Spin-spin correlation functions as
a function of the separation l between the spins at J1 =
0,−0.5,−1, and −2 from top to bottom. The period of the
oscillation is 4 (i.e. k = pi/2) at J1 = 0 and becomes incom-
mensurate as J1 decreases.
simply understood in terms of the two completely decou-
pled chains, resulting in finite spin-spin correlations only
for even-integer separations l with vanishing correlations
for odd-integer separations. Within each subchain the
system lies in the Haldane phase, which exhibits short-
range antiferromagnetic correlations. Such spin-spin cor-
relations are in good agreement with those plotted in
Fig. 2(a). The correlations decay exponentially with the
separation l, superposed by the oscillating correlations
with the period of four.
We also plot the spin-spin correlations for various fer-
romagnetic NN couplings J1 in Fig. 2. When J1 is finite,
the two subchains are no longer decoupled and finite cor-
relations show up for odd-integer separations. Interest-
ingly, the correlations still display oscillating behavior
apparently with a single period, which is different from
4, the value for J1 = 0; it increases monotonously with
the increase of |J1|. It is also of interest to note that the
oscillating period does not always appear commensurate
with the lattice period. Another conspicuous feature is
that the decay of the correlations becomes slower as the
ferromagnetic NN coupling becomes stronger. While the
correlations become negligible around l ≈ 30 for J1 = 0,
we can observe clear oscillations for l & 60 at J1 = −2.
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FIG. 3. (Color online) Spin structure factor S(k) for var-
ious NN couplings J1. The data for J1 = 0, −0.5, −1, and
−2 with various lengths L = 80 to 200 are marked by (red)
squares, (green) circles, (blue) triangles, and (purple) inverted
triangles. The structure factor has two peaks in the double
Haldane phase, which are not divergent in the thermodynamic
limit. As J1 is reduced, the peaks move closer to k = 0 and the
system exhibits incommensurate short-ranged correlations.
Until J1 reaches the value Jc ≡ −4 the system does not
show any abrupt change in the correlations, which implies
that in the region of Jc < J1 < 0 the system remains
in the double Haldane phase. For J1 < Jc, the spin-
spin correlation function takes just the constant value of
unity, independent of l, and the total spin of the ground
state turns out to be Stot = L, signifying that the sys-
tem is in the ferromagnetic phase. The critical value into
the ferromagnetic phase for S = 1 is the same as that
in the case of classical spin systems5 and S = 1/2 spin
systems,31,33–36 as pointed out in Ref. 41.
For a quantitative analysis of the evolution of the states
with J1 varied, we examine the spin structure factor
S(k) ≡
∑
l
eiklCS(l),
which is the Fourier transform of CS(l). We have used
fast Fourier transform algorithms for CS(l) to obtain
S(k) and plot the resulting spin structure factor in Fig. 3
for various values of J1. For J1 = 0 we have broad peaks
at k = ±pi/2, which reflects oscillations with period 4.
The peak broadens due to the exponentially decaying
correlations. As |J1| increases, the positions of two peaks
move towards k = 0. It is also clear that the peak grad-
ually becomes narrower with the increase of J1. This
result for S(k) gives quantitative support to all the obser-
vations on the spin-spin correlation function CS(l) men-
tioned above. The structure factor remains finite even
when L is increased indefinitely, and the system does not
exhibit long-range spin order in this region.
We can determine the pitch angle k∗ of the spin correla-
tions by the position of the maximum in S(k) on the side
of positive k. For J1 = 0, the peak is located at k
∗ = pi/2,
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FIG. 4. (Color online) The pitch angle k∗ as a function
of the NN couplings J1. The pitch angles, which are deter-
mined by the maximum position in the structure factor, are
marked by (green) solid circles. The pure NNN-AKLT state
(J1 = 0) has k
∗ = pi/2 reflecting the short-ranged antiferro-
magnetic correlation in each subchain. The antiferromagnetic
correlation becomes incommensurate at finite J1 in the dou-
ble Haldane phase. We also plot the results of the classical
spin system, arccos(−J1/4) (dot-dashed line), and those of
the spin-1/2 system from Ref. 35 (triangles) and Ref. 38 (di-
amonds) for comparison. The data marked by a solid line as
well as the transition point to the Haldane phase are quoted
from Ref. 29. The inset shows the pitch angle in a log-log plot
for J1 − Jc > 0 with Jc = −4 and the dashed line represents
the best power-law fit to the data. The data points without
error bars have errors not larger than the size of the symbols.
which is consistent with the NNN AKLT state, the pro-
totype state in the double Haldane phase. In Fig. 4 we
plot k∗ as a function of J1. As |J1| increases, k∗ decreases
monotonously from k∗ = pi/2 for J1 = 0 to k∗ = 0 for
J1 = Jc, and the ground state connects smoothly with
the ferromagnetic state at J1 = Jc. The decreasing curve
corresponds to a convex-up function.
Such behavior is reminiscent of the spiral state which
shows up in the classical spin system. In the presence
of NN ferromagnetic couplings and NNN antiferromag-
netic couplings, the classical spins exhibit a spiral state
for −Jc < J1 < Jc with the wave number given by
q = arccos(−J1/4).5 Similar behaviors of the pitch angle
were also reported in previous numerical studies of the
spin-1/2 chains via the transfer-matrix DMRG method35
and the infinite time evolving block decimation algorithm
method37,38. For comparison, we have also plotted the
data for classical and spin 1/2 chains with a dot-dashed
line and empty symbols, respectively, in Fig.4. In all
the three systems the pitch angle k∗ reduces with the
increase of |J1| starting from k∗ = pi/2 at J1 = 0, and
approaches k∗ = 0 continuously at the transition into
the ferromagnetic phase. In the case of the spin-1/2
chains, the plateau-like region persists near J1 = 0 up
to J1 ≈ −2. On the other hand, the classical spin system
displays rather gradual decrease even near J1 = 0. The
curve of k∗ for the spin-1 chain locates between the classi-
cal and the spin-1/2 systems, which may be attributed to
the reduction of quantum fluctuations in spin-1 systems
in comparison with spin-1/2 systems. It would be in-
teresting to study variations of the pitch angle for higher
spins, which should reflect the effects of both the changes
in quantum fluctuations and the alternating behavior of
integer and half-integer spins.
In the inset of Fig. 4, we plot k∗ as a function of J1−Jc
in the log-log scale. Near the critical point the pitch angle
displays the power-law behavior
k∗ ∼ (J1 − Jc)α. (3)
The best fit in the range −3.9 ≤ J1 ≤ −3.0 gives the
exponent α = 0.47(3). Although the best-fit value of α
is a bit smaller than αcl = 0.5 for the classical spiral
state, the two values are consistent within numerical er-
rors. Numerical errors in the exponent are mainly due to
the large relative errors near Jc. It is also notable that
the curve of k∗ versus J1−Jc is slightly convex up in the
log-log plot, which tends to give an additional underes-
timate of α in the power-law fit over a finite window of
J1.
In Fig. 4 we also plot the pitch angle in the case of
J1 > 0: the solid line represents the data from an earlier
study29 for S = 1 and the data points denoted by solid
circles are obtained from our calculation. The double
Haldane phase in this region gives pitch angles in the
range pi/2 < k∗ < pi.28,29 The pitch angle increases with
J1 and becomes commensurate with k
∗ = pi around J1 ≈
2.67. Remarkably, the incommensurate spin correlations
persist even in the region of the Haldane phase, which
sets in at J1 ≈ 1.34. This is in contrast to the fact that
the pitch angle reduces to k∗ = 0 exactly at the transition
to the ferromagnetic phase for J1 < 0.
In order to examine the correlation length, we divide
the spin correlation function CS(l) by the oscillating fac-
tor cos(k∗l) and estimate the correlation length ξ by fit-
ting it to the exponential decay ∼ exp(−l/ξ). In Figs. 5
and 6 one can see that CS(l)/ cos(k
∗l) for J = −1 and −2
decays exponentially in a wide range of l. Figure 5 also
demonstrates that the quantities in different sizes exhibit
almost the same exponentially-decaying behavior except
for near the edges. The decay tends to become slower as
the number m of the kept states is increased. In Fig. 7
we plot the correlation length ξ estimated from the best
fit as a function of J1 for various values of m as well as in
the limit m→∞. We have also reproduced the data for
J1 > 0 from an earlier work.
28 For J1 > 0 our numerical
results are consistent with the peak associated with the
transition between the Haldane and the double Haldane
phases. For J1 < 0 the correlation length is enhanced
as J1 approaches Jc. We also note that there exists a
small bump around J1 = 0, which signifies stronger spin
fluctuations near the decoupled subchains.
We also examine string order and double-string order
for J1 < 0, which can be probed by the use of the follow-
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FIG. 5. (Color online) Semi-log plot of the spin-spin corre-
lation function CS(l) divided by cos(k
∗l) for several values of
L and (a) J1 = −1; (b) J1 = −2. The pitch angle k∗ is de-
termined by the maximum position of the structure factor for
each J1. The data denoted by (red) squares, (green) circles,
(blue) triangles, and (pink) inverted triangles correspond to
L = 50, 100, 150, and 200, respectively.
10-8
10-4
100
 0  50  100  150
(a) 
C S
(l)
 / c
os
(k*
l)
l
 0  50  100  150  200
(b) 
l
FIG. 6. (Color online) Semi-log plot of the spin-spin cor-
relation function CS(l) divided by cos(k
∗l) for several values
of m and (a) J1 = −1; (b) J1 = −2. The pitch angle k∗ is
determined in the same way as in Fig. 5. The data denoted
by (green) circles, (blue) triangles, and (pink) inverted trian-
gles correspond to m = 50, 100, and 150, respectively, and the
solid lines are the best linear fits.
ing nonlocal correlators38,42,43
O1(l, l
′) ≡ −
〈
Szl
exp
 l′−1∑
j=l+1
ipiSzj
Szl′
〉
and
O2(l, l
′) ≡
〈
Szl S
z
l+1
exp
 l′−2∑
j=l+2
ipiSzj
Szl′−1Szl′
〉
.
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FIG. 7. (Color online) Correlation length as a function of
the NN coupling J1 for m =100 [(green) squares], 150 [(blue)
triangles], 200 [(pink) inverted triangles], and its extrapola-
tion to m = ∞ [(red) circles]. As we approach the phase
boundary to the ferromagnetic phase the correlation length
becomes very large and is expected to diverge at J = −4.
Solid lines denote the data quoted from Ref. 28. The data
points without error bars have errors not larger than the size
of the symbols.
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FIG. 8. (Color online) String order parameters as a function
of the NN coupling J1. We represent O1 and O2 by (red)
solid circles and (green) empty circles, respectively. The inset
displays the semi-log plot of O2. The data points without
error bars have errors not larger than the size of the symbols.
The string order parameters O1 and O2 can then be de-
fined by
O1 ≡ lim|l−l′|→∞O1(l, l
′), (4)
O2 ≡ lim|l−l′|→∞O2(l, l
′) (5)
in the limit of infinite separations. Figure 8 shows string
order parameters O1 and O2 versus J1. For J1 = 0, we
have nonzero O2 with vanishing O1, which is a typical
characteristic of the double Haldane phase. On the other
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FIG. 9. (Color online) Semi-log plot of the chirality correla-
tion function Cκ(l) for J1 = −3. The data denoted by (red)
squares, (green) circles, (blue) triangles, and (pink) inverted
triangles correspond to m = 50, 100, 150, and 200, respec-
tively.
hand, in the ferromagnetic phase (J1 < Jc) both O1 and
O2 vanish. As J1 decreases from zero, O2 also reduces.
It is remarkable that O2 is significantly reduced for
J1 . −2 while the transition into the ferromagnetic
phase occurs at J1 = −4. Such an abrupt reduction
may suggest the possible existence of emergent phase be-
tween the double Haldane phase and the ferromagnetic
phase. However, the detailed analysis has revealed that
the string nonlocal correlator O2(l, l
′) shows quite dis-
tinct behavior for −4 < J1 . −2 from that of the ferro-
magnetic phase where the string order is absent. In the
ferromagnetic phase O2(l, l
′) shows a clear exponential
decay with |l−l′|, implying that the corresponding string
order parameter O2 vanishes in the thermodynamic limit.
For −4 < J1 . −2, in contrast, O2(l, l′) remains finite
although its values are very small. The semi-log plot of
O2, which is presented in the inset of Fig. 8, also sup-
ports a direct transition from the double Haldane phase
to a ferromagnetic one. It demonstrates that the de-
creasing behavior is rather consistent with the transition
at J1 = −4 although a rapid decrease of O2 starts around
J1 ≈ −2.
It is also worth while to examine whether a chiral phase
is present between the double Haldane phase and the fer-
romagnetic phase. In the spin-1/2 case the chiral phase
has been reported in a close vicinity of the region,37,38
and accordingly it is a strong candidate for a new phase
if it emerges also in the spin-1 case. We have thus com-
puted the chirality correlation function defined by
Cκ(l) ≡ 〈κˆzi κˆzi+l〉 (6)
with
κˆzi ≡ zˆ · (Sˆi × Sˆi+1) = Sˆxi Sˆyi+1 − Sˆyi Sˆxi+1. (7)
Figure 9 presents Cκ(l) for J1 = −3, where O2 is sig-
nificantly reduced. The chirality correlation function ex-
hibits an apparent exponential decrease, which indicates
the absence of a chiral phase. This also implies that the
emergence of a new phase is less probable. We presume
that the great reduction in O2 for −4 < J1 < −2 is
caused by the large ferromagnetic fluctuations which are
enhanced markedly in that region as can be seen in Fig. 7.
IV. SUMMARY
We have investigated the one-dimensional spin-1 sys-
tem frustrated by the combination of the spin exchange
interactions: the ferromagnetic one between NN spins
and the antiferromagnetic one between NNN spins. Via
the DMRG calculations we have confirmed explicitly that
the ferromagnetic phase transition for S = 1 occurs at
J1 = −4(≡ Jc),41,44 below which the spin-spin correla-
tion function becomes constant. The robustness of Jc
suggests that quantum fluctuations due to the quantum
nature of the spin do not affect significantly the ferromag-
netic phase transition; this is in sharp contrast with the
fact that other phase boundaries of the frustrated spin
chains exhibit strong dependence on S and a variety of
distinct phases.27 Such interesting results may be tested
through experiments on ultracold atoms.45–47
In the double Haldane phase, on the other hand, the
system shows short-ranged antiferromagnetic spin-spin
correlations. Such behavior remains robust in a wide
range of the NN ferromagnetic interaction strength J1 up
to Jc. The pitch angle of the incommensurate spin-spin
correlations decreases from pi/2 as J1 approaches Jc, van-
ishing at J1 = Jc. Similar behaviors were also reported
in earlier works on the classical and spin-1/2 systems. It
has been revealed that the results of the spin-1 system are
closer to the classical results than those of the spin-1/2
one. We have also discussed the behavior of string order
parameters in the double Haldane phase in the presence
of ferromagnetic NN couplings. It has been found that
the string order parameter O2 undergoes a substantial
reduction far above Jc. However, detailed analysis has
suggested that a new phase is less likely to emerge in
that region. It is presumed that the enhancement in the
ferromagnetic fluctuations gives rise to such substantial
reduction in O2.
Various extensions of our study are expected to pro-
duce fruitful results in future study. The introduction
of the anisotropic interaction of the XXZ-type27 in our
model will reduce the rotational symmetry and possi-
bly give rise to another symmetry-broken state such as
the chiral or the dimer-like ones. It will deepen our
understanding of the roles of quantum fluctuations in
connection with the Kosterlitz-Thouless transition. It
is also worth while to investigate the effects of the uni-
axial single-ion anisotropy.48 It is expected to enrich the
physics in quantum spin-1 chains and to draw out a va-
riety of implications on experimental results.
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